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Quantum cosmology has been used to address the singularity problem as the universe 
approaches a zero size at the initial Big Bang. In our study we will use a simple FRW-
Λ model which describes the de Sitter universe. Although there is no singularity at zero 
size of the universe described by this model, we hope that the avoidance of the ‘Big 
Bang’, which we define here to be a zero size universe, will mirror that in other more 
realistic models that do have a singularity at zero size. The usual approach is based on the 
quantization of Einstein’s equations which leads to the well known Wheeler DeWitt 
equation. A small but finite potential barrier is detected near zero size of the universe, 
which suggests a creation of a quantum universe via quantum tunneling. Hence the 
universe only comes into existence at a finite size.  A contracting classical universe will 
also experience a bounce due to the barrier before it reaches a zero size. However, this 
method of quantisation is only successful in overcoming the Big Bang in closed universes 
(k=1). In the case of other geometries ie flat (k=0) and open (k= −1), no potential barrier 
is detected. Our approach then is to use non-linear effects, which may be significant at 
very short distance scales during the beginning of the universe, to arrive at a modified 
non-linear Wheeler DeWitt equation. We show how this non-linearisation can indeed 
solve the zero-size problem for flat universes. Previous studies have used perturbation 
methods to solve the non-linear modified equation as non-linear effects are expected to 
be small. In our investigation, we explore the use of a more exact method, a non-
perturbative method, and compare the results obtained. We also show how this more 
exact method reveals some new interesting features that were not predicted using the 
perturbative method, and discuss their implications in the effective classical dynamics.  
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The standard Big bang theory of classical cosmology has helped us make 
profound understanding about the evolution of our universe and its behaviour. However, 
while this theory has provided good predictions about the observations we have made, 
problems arise when we approach the universe’s origin. Due to the discovery of the 
expansion of the universe, the theory suggests that the universe should begin from a ‘Big 
Bang’ which we define to be a zero size of the universe. This then leads to infinite 
density at the beginning, which suggests the breakdown of physical laws at this point. 
One possible reason is that when we encroach onto such Planck scales at the beginning, 
classical physics is inadequate, and we should expect quantum effects to be significant. 
Hence quantum cosmology, in which matter and gravitational fields are quantized, should 
be the main framework that we should use. 
The main motivation of using quantum cosmology to avoid a Big Bang is that at 
such a small size, the universe should be treated quantum-mechanically. In fact, the 
universe in the beginning provides the best laboratory to ‘test’ quantum gravity theories. 
It has also been shown that in semiclassical limits, quantum cosmology can predict the 
initial conditions for inflation, which is required for the inflationary theory in classical 
cosmology[1]. 
In our study, we will use the simple FRW-Λ universe, one that is empty with a 
cosmological constant, as a model for the study. We note that this model does not have 
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any physical singularity as its geometry does not give any classical singularity of 
curvature invariants at the Big Bang. However, we believe any feature that avoids a zero 
size universe may arise too in other models where there are such physical singularities.  
We begin by using the usual approach of quantising Einstein’s equations, and 
arrive at the Wheeler-DeWitt (WDW) equation, a functional Schrodinger equation which 
helps us study the quantum effects of the universe. We will use this equation to show 
how a closed universe (k = 1) can quantum tunnel into existence at a finite size and hence 
avoid a zero-size. However, this simple quantization approach will not work for open and 
flat universes. Unfortunately, current data suggests our universe to be most likely flat. 
Therefore in our research, we are interested to resolve the Big Bang for a flat universe 
(k=0). 
At this juncture, we will consider that at such small length scales, and hence 
extremely high energy densities, quantum mechanics may not behave as expected and 
deviate away from linearity. Non-linearity has been used in many areas of physics[2], but 
the effects are small and only detectable at short distance scales and at very high energy. 
Hence, this makes the early universe a good candidate. Any non-linearity that exists in 
the beginning may then give rise to observable effects in our current universe.  
There are however many suggestions to a non-linear Schrodinger equation. Our 
choice of a nonlinear Schrodinger equation is one that is motivated by information theory 
suggested by Parwani [3]. This nonlinear equation gives us the most unbiased probability 
distribution of a system as it acknowledges our ignorance of a more detailed structure of 
the system. It is derived based on the same method of inference used in the maximum 
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uncertainty (entropy) principle in statistical mechanics. In our study, we will need an 
unbiased distribution due to our limited knowledge of the universe at a size smaller than 
the Planck scale. Our approach of directly quantising general relativity to suit the new 
physics at the Planck scale may have actually just been an approximation; the lack of 
knowledge or information that we have of the new physics may well have led us to 
generate a WDW equation that gives us only approximate descriptions of the quantum 
gravitational effects.  
Non-linear equations are usually difficult to solve analytically. We will first 
review how the modified non-linear WDW equation can be solved using perturbation 
theory to the lowest order in the nonlinear scale, just as it was done in reference [4]. 
However, one may then question how predictions will differ if we can solve such a non-
linear equation exactly, and hence study the effects of higher non-linearities. Therefore 
we will proceed with a method suggested in a recent work[5] to solve the modified non-
linear WDW equation non-perturbatively.  
We will further explore the use of this non-perturbative method to generate the 
different probability density curves for specified parameters, and compare the results with 
those obtained from approximation methods. Our study reveals new interesting features, 
such as minimum and maximum sizes to the quantum universe, and oscillatory behaviour 
of the probability density curves which clearly cannot be predicted using the perturbative 
method. These features will be studied analytically too and we discuss the implications of 
the predictions in the classical domain. We will then briefly discuss the observations that 
arise from using the same nonlinear quantisation on a different model, the FRW model 
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without the cosmological constant. Our conclusion ends the thesis, where we will suggest 
possible further research that can be explored using this new quantum cosmology model. 




Review on classical cosmology 
 
We will first review some important concepts in classical cosmology which will 
be important in our discussion of quantum cosmology in the following chapter. We will 
mainly look at how an expanding universe is described by the Friedmann equations 
which can be derived based on the cosmological principle. 
2.1 An expanding universe 
The cosmological principle states that on large scales (~100 Mpc), the universe is 
homogeneous and isotropic. Homogeneity implies that the universe looks the same at 
each point and isotropy implies that to any observer, the universe looks the same in any 
direction.  
The expansion of the universe has been a long established fact since the 1920s 
when Edwin Hubble first discovered that distant galaxies are receding away from us, and 
the more distant they are away from us, the faster their receding velocity. This, and 
coupled with the cosmological principle, brings astronomers to the conclusion that our 
universe is actually expanding, instead of being static as assumed previously by Einstein. 
Due to the expansion of the universe, the physical separation between two 
galaxies in the universe will evolve with time. Since the universe is homogeneous, this 
applies to the separation between any two galaxies. This then allows us to use a 
coordinate system known as comoving coordinates, which are ‘carried along’ with the 
expansion of the system. So the galaxies remain fixed in their locations in the comoving 
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coordinates which is independent of time. Due to uniform expansion, the real distance 
)*+, between two galaxies is related to the commoving distance  -  in the following 
equation, 
)*+,  *+,-                                                         *2.1, 
where *+, is the scale factor. It measures the universe’s expansion rate and is a function 
of time only. The scale factor tells us how the physical separations are increasing with 
time since the comoving distances are fixed. If we choose *+o,  1 where +.  is the 
current time, then the scale factor is normalized to our current time. 
The evolution of an expanding universe governed by the cosmological principle is 
described by the Friedmann equation. 
2.2 The Friedmann equation 
General relativity tells us that gravitation is only a materialization of the curvature 
of spacetime and Einstein’s (field) equation describes how matter give rise to this 
curvature of spacetime. If we know the geometry of spacetime which is contained in the 
metric /01, and the energy density distribution which is contained in the energy-
momentum tensor 201 , then we can determine the evolution of an object in spacetime 
with Einstein’s equation, 
301 4 12/013 5 /01Λ  86"#7 201                                                  *2.2, 
where 301 and 3 are the Ricci tensor and scalar respectively and Λ is the cosmological 
constant.  Next we shall look at the metric which we will be considering for our study.  
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In general relativity, instead of spatial distance between points, we consider 
separation between points in four-dimensional spacetime. The separation can be written 
as 
89& :/108-18-0                                              *2.3,1,0  
where ; and < are indices taking values from 0 to 3. - is the time coordinate while 
-=, -& and -> are the three spatial coordinates 
Imposing the cosmological principle, the spatial part of the metric in (2.3) used 
should have a constant curvature. The most general spatial metric which has a constant 
curvature [6] is 
89>&  8)&1 4 ?)& 5 )&*8@& 5 9AB& @ 8'&,                               *2.4, 
 
where 89> refers only to the spatial dimensions and spherical polar coordinates are used. 
The constant ? measures the curvature of space; it can take values of 1, 0 or -1 to 
describe a closed, flat or open universe respectively. This then directly leads us to the 
Friedmann-Robertson-Walker (FRW) metric 
89&  4#&8+& 5 *+,& C 8)&1 4 ?)& 5 )&*8@& 5 9AB&@8'&,D                       *2.5, 
where *+, is the scale factor of the universe.  
We will also need the energy-momentum tensor to describe the matter under 
consideration. A simplified hypothesis used here is that the possible constituents of the 
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universe can be modelled as perfect fluids, ie there is no viscosity or heat flow. Perfect 
fluids have the following energy-momentum tensor 
201  diag*4I#&, 
, 
, 
,                                                 *2.6, 
where I is the mass density and 
 is the pressure. 
Using the metric in (2.5) and energy-momentum tensor (2.6) in Einstein’s 
equation (2.2), we can arrive at the Friedmann equation, 
JKL& 5 ?#&& 4 Λ3  86"3 I                                                  *2.7, 
We can use the acceleration equation also obtained from (2.2), 
M  446"3#& *I 5 3
, 5 Λ3                                                   *2.8, 
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The Friedmann equation in classical cosmology is useful in describing the 
evolution of the universe when the scale is large. However, the expansion of the universe 
implies a zero-size universe at a finite time in the past, and hence an infinite energy 
density. The singularity at this point predicted by classical cosmology is hence inevitable. 
Since this problem arises as we approach an incredibly small universe, it is therefore 
natural to use quantum mechanics, which is by far the most accurate theory to use at very 
small scales. The approach to using quantum mechanics in cosmology is referred to as 
quantum cosmology. In quantum cosmology, we need to treat the universe quantum 
mechanically and describe it with a wavefunction rather than by a classical spacetime. 
Another motivation to use quantum cosmology is in its prediction of the classical 
initial conditions which leads us to the current universe and observations. Although the 
classical big bang model explains many features of the universe that we observe today, it 
does not explain certain features, like the horizon and flatness features of the universe. 
An improved add-on idea to the hot big bang model is the inflationary universe scenario 
in the early universe, in which matter fields are quantized on a classical gravitational 
background. Inflation provided a solution to the horizon and flatness features of the 
universe that the hot big bang model fails to explain. It also allows the observed universe 
to arise from a larger class of initial conditions than in the hot big bang model. However, 
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one can still choose initial quantum states that will not lead to inflation.  Quantum 
cosmology improves this situation by predicting how these classical initial conditions can 
arise from boundary conditions. In short, by setting boundary conditions on the 
wavefunction of the universe, the wavefunction and hence the probability density 
distribution is shown to peak about the subset of the general solution to the classical field 
equations. So by quantizing spacetime, one replaces the problem of initial conditions with 
a theory of boundary conditions on the wavefunction of the universe. Though one may 
argue that this is just transferring the problem and not solving it, this still provides a more 
elegant and natural way to produce the classical initial conditions that give rise to the 
current universe. Indeed, this is one of the primitive predictions a quantum theory of 
initial conditions should make, that the universe is approximately classical when it is 
large. 
Quantum cosmology is therefore a powerful theory to use in order to solve some 
of the problems at hand present in classical cosmology. Our main purpose here though, is 
to resolve the Big Bang, or zero-size problem. Our investigation will be based on the 
simple FRW-Λ model: an empty universe with a cosmological constant. Although there is 
no physical singularity in the geometry of such a model, we hope that the effects of 
avoiding a zero-size in this simple FRW-Λ model may mirror that in other models which 
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3.2 Minisuperspace scheme  
Quantum cosmology was first initiated by DeWitt and Misner using the simplest 
model of quantum cosmology. The final picture that emerged from their study is that a 
closed universe may quantum tunnel into existence or nucleate spontaneously out of 
“nothing”, where “nothing” here means no space and time. The cosmological 
wavefunction can then be used to calculate the probability density distributions for the 
initial configurations of nucleating universes. The universe is then expected to undergo 
inflation, and from there follow the inflationary universe scenario and standard hot big 
bang model. Inflation is necessary as it is the only currently accepted way to get from a 
tiny nucleated universe to the large current universe[1].  
In the canonical quantization formalism used, in general we need to consider the 
wavefunction ΨOPQ , ΦS of the universe to be a functional on the superspace manifold, 
which is an infinite-dimensional space[1]. The dynamical variables PQ and Φ are the 
metric on the manifold and the scalar field respectively. The wavefunction does not 
depend explicitly on time due to the fact that in general relativity, time is contained 
implicitly in the dynamical variables [7].  The wavefunction will then evolve according to 
the Wheeler-DeWitt (WDW) equation which is obtained by quantizing the gravitational 
field, or in mathematical expression, Einstein’s field equations. 
However it is impossible to solve an equation consisting of infinite degrees of 
freedom in superspace, where every point represents a three-geometry. Hence we need to 
consider symmetry constraints to simplify our model. These constraints come from 
considering a homogeneous and isotropic universe. If we restrict the three-geometries to 
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these constraints, the wavefunction then becomes a functional of a subspace of 
superspace, which is called a minisuperspace. Furthermore, the isotropy constraint further 
simplifies the wavefunction to be a function of the scale factor  only. In our model, the 
wavefunction has therefore been reduced to a function of a one-dimensional 
minisuperspace, which is the half-line  0    ∞  [8]. 
Due to the quantum uncertainty principle, we know that the universe should not 
necessarily be homogeneous and isotropic when it is of a size approaching the Planck 
scale. This formulated minisuperspace model should therefore be viewed as a toy model 
which nonetheless will hopefully capture some of the essence of quantum cosmology. 
Since homogeneity and isotropy are important assumptions taken in classical cosmology 
which gives rise to current observations, it is not unreasonable to hope that a consistent 
truncation to minisuperspace models with symmetries, such as the one we are taking 
now, may be useful in future studies of quantum gravity [7]. 
3.3 Deriving the Wheeler-DeWitt equation 
Having stated the assumptions taken to simplify our minisuperpace model, we 
will now derive the WDW equation by quantizing Einstein’s field equations. The 
Einstein’s equations may be obtained first using Hamilton’s least action principle. In this 
derivation [4], since we have restricted ourselves to an isotropic and homogeneous 
universe, the universe is then described by the FRW metric as discussed in Chapter 2. We 
will also consider a universe devoid of ordinary matter. What is required here is only the 
scalar potential '*+, in order for inflation to first occur. From henceforth, we will be 
using natural units $  #  1.  
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The Einstein-Hilbert action for the FRW universe takes the form 
U  V8+ W  12V8+ X> C 4K&X&& 5 'K &X& 4 *', 5 ?&D                         *3.1, 
where ? is the geometry of the universe, *', is the potential energy for the scalar field, 
*+, is the dimensionless scale factor and X the lapse function. The scale factor *+, here 
is not the physical scale factor described in Chapter 2. They are related in the following 
way 
YZ[\  ]46^Y&3_                                                             *3.2, 
 
where ^Y is the Planck length and _ is the volume of the spatial hypersurface divided by 
>. The value of _ depends on ? and the topology of the hypersurface.  
On simplifying (3.1) to one where the scalar field is varying very slowly with 
time, we can ignore the kinetic energy term ie the term 
K` aba in (3.1), and the potential 
energy can be replaced by a constant. Using  1/  .& , we will then arrive at the 
simplified action 
S  V8+ W  12V8+ X C4K&X& 5  d? 4 &.&eD                              *3.3, 
Varying (3.3) with respect to X and using X  1 gives us the Friedmann equation 
(2.7). Since we are investigating the FRW-Λ universe which is empty with a 
cosmological constant, we have I  0 and the cosmological constant Λ  3/.& which 
is modeling the inflationary sources. The equation we obtain is 
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K& 5 d? 4 &.&e  0                                                  *3.4, 
To quantize (3.4), we can find the canonical momentum p from (3.3) using the 
gravitational Lagrangian W and setting  X  1 as before, 
p  gWgK  4K                                                            *3.5, 
Substituting this in (3.4), we will obtain 
p& 5 & d? 4 &.&e  0                                                  *3.6, 
and applying the Dirac’s quantization rule to replace the canonical momentum by an 
operator    p h pi  4A jj,  we will then arrive  at 
C g&g& 4 & d? 4 &.&eDk*,  0                                            *3.7, 
which is the Wheeler-DeWitt (WDW) equation, and k*, is the wavefunction of the 
universe.  The WDW equation here is the ordinary one-dimensional *0    ∞,  time-
independent Schrodinger equation for a particle of mass l  1/2  moving in a potential 
*,  & d? 4 &.&e                                                         *3.8, 
3.4  Quantum tunneling in closed universes 
For a closed FRW universe, we set ?  1 in the potential (3.8) to obtain a 
potential which is plotted in Fig 3.1. For the plot, we have set constant .  1. 
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Fig. 3.1 The potential for a closed universe 
 
 
From the plot, we observe the classically forbidden region to the left of . due to the 
existence of the potential barrier in the region 0    .. This gives rise to the quantum 
tunneling picture where a quantum universe is thought to have been born from ‘nothing’ 
at   0 and quantum tunneled through the potential barrier to a finite size .. Hence the 
universe is only seen at a finite size    ., and the Big Bang is avoided altogether. 
Using the WKB approximation, the tunneling probability can be calculated  
m  n-
o42V 8p √r  n-
 d4
2.&3 e  n-
 J4 2ΛL                        *3.8, 
The probability above can be interpreted using the idea of ‘decoherent theories’ 
by Gellmann and Hartle [9, 10], in which quantum mechanics assigns probabilities to 
possible histories of the universe. Hence using this interpretation, it is most probable that 
the closed universe is born with a maximum cosmological constant Λ [8].  
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This is essentially the simplest quantum cosmology model that manages to 
circumvent the Big Bang problem, though it only works for a closed FRW universe. For a 
flat universe *?  0, and open universe *?  41,, this simple model fails to avoid a 
zero size to the quantum universe. As shown in the plots of the potentials for a flat (Fig 
3.2) and open (Fig 3.3) universe respectively, there is no barrier seen and hence no 
quantum tunneling effect. The Big Bang problem still persists for these cases.  
 
Fig 3.2 Potential for a flat universe does not display any potential barrier. 
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Fig 3.3 Potential for an open universe does not display any potential barrier. 
 
For the model that we have used, the assumptions taken have led us to use a 
simple linear Schrodinger equation, the WDW equation, to describe the behaviour of the 
quantum universe. At this juncture, we will consider that for a universe of an incredibly 
small size at the beginning, and hence extremely high energy densities, quantum 
mechanics may not behave as expected and deviate away from linearity. Our objective 
then, is to modify the WDW equation such that non-linearity is included, and investigate 
if this helps to resolve the Big Bang problem.  
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4.1 Motivation 
The simple quantum cosmology model discussed in the previous chapter does not 
seem to resolve the Big Bang for flat *?  0, and open *?  41, universes. This can be 
due to our limited understanding of the behaviour of quantum mechanics under the 
conditions of the early universe. At the beginning, not only is the size of the universe 
incredibly small, the energy density at this point is also infinite. These conditions may be 
suitable for non-linearities to have some effect.  
Non-linear quantum mechanics has been studied in various fields of physics. For 
instance in condensed matter physics, it has been suggested that nonlinear effects are 
most significant and comparable to linear effects in systems where there is significant 
nonlinear interaction generated by self-interaction [2]. Similarly in our research, we 
postulate that linear quantum mechanics may just be an approximation at short distance 
scales beyond what can be investigated experimentally. We will thus consider nonlinear 
modifications to this linear theory at such scales. These nonlinear interactions can occur 
at small scales and high energies. So this tells us that the early universe is in fact the best 
high energy laboratory where nonlinear effects may be significant.  
In order for us to construct a nonlinear quantum cosmology model, we need to 
modify the WDW equation or the equivalent Schrodinger equation to factor in the non-
 4   Review on Non-linear Quantum Cosmology
   
19 
 
linearity. So we need to first choose a nonlinear Schrodinger equation out of the many 
that currently exists, suitable for our study of quantum cosmology.   
4.2 Information-theoretically motivated nonlinear Schrodinger Equation 
The theoretically motivated nonlinear Schrodinger equation suggested by 
Parwani[3], is based on a method of inference – where one chooses probability 
distributions that provide the most unbiased description of the state of a system. This 
method basically involves maximizing an information measure. It is used in the 
maximum entropy principle or more generally, maximum uncertainty principle in 
statistical mechanics and also other various fields of study [11, 12] 
In the field of quantum mechanics, Reginatto [13] has shown how the full time-
dependent linear Schrodinger equation can be generated using the minimizing action 
principle similar in spirit to the method of inference used in statistical mechanics, but 
using a different information measure. In reference [3], Parwani has suggested a more 
general action, using the same information measure in the maximum entropy or 
uncertainty principle, in order to derive the nonlinear Schrodinger equation. As derived in 
[14], for a particle moving in one dimension , the full equation is 
A$ gΨg+  4 $&2lg&Ψg& 5 *,Ψ 5 s*
,Ψ                                    *4.1, 
with  
  ΨtΨ , the probability density and  
s*
, u vwx 4 v                                                     *4.2, 
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which measures the deviation of the generalised potential  vwx from the usual quantum 
potential v , both of which are defined as follows: 
vwx  $&4lW&7 Cln 
*1 4 ,
 5 






D      *4.3, 
and 
v  4 $&2l 1}
 g&}
g&                                                         *4.4, 
We have used 
~*,  
* ~ W,, where  is the regularization parameter and W is the 
nonlinear length. The regularization parameter  ensures the equation is defined at points 
where 
=0, and it takes values 0    1. The nonlinear length parameter W measures 
the strength of the nonlinearity. 
In the limit W h 0, it can be shown that vwx h v  [14]  so from (4.2), we see that 
s*
,  0, and this reduces (4.1) to the usual linear Schrodinger equation. 
In short, this nonlinear Schrodinger equation has been derived based on the 
inference method due to limited knowledge of the system. This gives us the motivation 
for its usage in quantum cosmology.  
Since we are using the quantum approach which is based on probabilities, and we 
are aware of the limited knowledge we have about the universe in the Planck era, it is 
then only appropriate that we use a nonlinear Schrodinger equation derived based on a 
field of study that also uses probabilistic laws and which considers the most unbiased 
description of the state of the system.  
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4.3 Modified Wheeler-DeWitt equation 
In order to obtain the modified Wheeler-DeWitt equation for our nonlinear 
Schrodinger equation, we start first by considering the stationary state   Ψ  k*,n|/$ 
in equation (4.1) to arrive at the time-independent nonlinear equation 
k*,  4 $&2lg&k*,g& 5 *,k*, 5 s*
,k*,                            *4.5, 
where now 
  kt*,k*, 
In natural units, and to be consistent with the linear Schrodinger equation (3.6) studied in 
Chapter 3, we set   0 and l  1/2 for our imaginary particle. The result is 
0  4g&k*,g& 5 s*
,k*, 5 *,k*,                            *4.6, 
So putting in the potential function *, from the canonicalised Friedmann equation 
(3.6) gives us the modified Wheeler-DeWitt equation 
C4 g&g& 5 & d? 4 &.&e 5 s*
,Dk*,  0                          *4.7, 
From the equation, we observe that the effective potential is then the sum of the original 
potential term & ? 4 apa and an additional nonlinear term s*
,. Equation (4.7) is not 
only a second order differential equation, it is further complicated due to the discrete 
nature of vwx as defined in (4.3), making it also a difference equation.  
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5.1 Perturbative solution to modified Wheeler-DeWitt equation 
In reference [4], it has been shown that the non-linearly corrected quantum 
dynamics can avoid the Big Bang for a flat (?  0) FRW universe. The modified 
Wheeler-DeWitt equation (4.7) is a difference-differential equation, which is not easy to 
solve analytically. However, with the assumption that nonlinearity is small; perturbation 
theory can be used and the equation is greatly simplified. The technique and results will 
be discussed briefly next. 
By setting ?  0 and scaling    ^, with  ^  .=/> in (4.7), we will obtain 
C4 g&g& 4 7 5 ^&sO
*^,SD '*,  0                                                    
Since nonlinearity is assumed small, s*
, can be expanded perturbatively to lowest order 
in W which denotes the nonlinear length [4], giving 
C4 g&g& 4 7 5 *3 4 4,*,D '*,  0                                     *5.1, 
where 
*,  12> *2& 4 3",                                               *5.2, 
with  *,  't*,'*,   and  the  ratio    W/^   measures the strength of non-linearity 
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We will now state the unperturbed solution of the original Wheeler-DeWitt 
equation (3.7), which represents an expanding universe at a large scale. This solution is 
given by a Hankel function 
'.*,   √=*&, d >3.e                                            *5.3, 
which for large , takes the form of the asymptotic Hankel function 
                     '.*,     ]6.6 n|J >p | >L                                       *5.4, 
where .  has been defined as a relation to the cosmological constant in Chapter 3. For 
convenience, we will set the constant .    11. This asymptotic solution can be used to 
show that the momentum at large scales of the universe is negative. Since 
  4K from 
(3.5), we see that K  0, verifying an expanding universe. For later chapters when we use 
(5.4), we will set the normalization constant    1.  
Assuming small nonlinearity ie   1,  one can numerically solve equation (5.1) 
by iterating about the unperturbed solution given by (5.3) for   0. Over here, we just 
need to check if there is a potential barrier at small  for a flat universe *?  0,. We can 
do this by using (5.3) to calculate . and hence .*, in (5.2). Furthermore, for small , it 
can be shown using Taylor’s expansion that .*,  0.1. With this approximation, we 
can determine the effective potential in (5.1) easily for small . So to the lowest order in 
the iteration, we have a linear Schrodinger equation with an effective potential 
                                                           
1
 In our numerical work, we have verified that changing the value of  is only equivalent to scaling the 
results 
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  47 5 *3 4 4,.*,                                          *5.5, 
where for    1,                             .*,  0.1                                                                *5.6, 
From (5.5) and (5.6), it can be deduced that we will obtain a potential barrier provided 
that   0.75. Fig 5.1 below illustrates the potential barrier near   0 for the flat 
universe using    0.5 and the form of  *, in (5.2). 
 
 
Fig 5.1  Potential barrier for flat universe with   0.5 and   0.01 
 
It can further be calculated what the tunneling probability will be like for a flat *?  0, 
universe. Using the effective potential (5.5), the WKB approximation for the probability 
in the range  0    =  where  *=,  0  gives the following result [4] 
m  n-
40.1*3 4 4,                                            *5.7, 
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From (5.7), one can say that the tunneling probability will be greatest when  is small. 
Hence, this is self-consistent with the approximation   1. 
Therefore, using nonlinearity, the quantum tunneling solution to avoid a zero size 
can be extended to a flat universe. A finite quantum universe will come into existence 
after quantum tunneling from ‘nothing’ at   0. In classical dynamics, a backward 
evolving classical universe will be screened from a zero size by the potential barrier; it 
will experience a bounce at a small finite  instead of shrinking to zero size.  
However, we have seen that in the derivation, it has been assumed that the 
nonlinearity must be small for perturbation theory to be used. We can only then study the 
effect of small nonlinearity. 
With our limited knowledge about quantum dynamics beyond the Planck scale, it 
is more desirable for us to derive a more exact solution to the modified Wheeler-DeWitt 
equation (4.7). We may do away with the assumption that nonlinearity at the beginning 
must be small, and we may also explore beyond just the effective potential and 
investigate if there are any other effects of nonlinearity on the universe. To do this, we 
will be using the non-perturbative method of determining a more exact solution suggested 
in reference[5], and realise some new features of the modified Wheeler De-Witt equation. 
5.2 Non-perturbative solution to the modified Wheeler De-Witt equation 
Current data suggests that it is highly likely our universe is spatially flat. It is 
therefore most interesting to study the nonlinear quantum models of a flat universe. 
*?  0,. It has been found that for a more exact solution using a non-perturbative 
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method, we can start with the following ansatz for the modified Wheeler-DeWitt 
equation (4.7) 
 k  }
n                                                              *5.8, 
where 
  
*, is the probability density, and  U is the phase. The detailed derivation is 
shown in Appendix B. Over here, only important steps are shown. 
Applying (5.8) to equation (4.7) with ?  0 for a flat universe, gives us the 
imaginary part of the WDW equation (4.7) which is the continuity equation 
gg J
 gUgL  0                                                                *5.9, 
This continuity equation (5.9) can be solved to give the constant current  

 gUg                                                                   *5.10, 
Using (5.10) in the real part of equation (4.7) leads us to the following difference 
equation 
&
&  7 4 vbx                                                         *5.11, 
where 
  
*,   kt*,k*,,  and vbx  is the generalised quantum potential defined in 
(4.3). The constant current  is fixed by ensuring that the solution approaches an 
asymptotic form of the solution to the original WDW equation at large  . This gives 
  466                                                              *5.12, 
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 Equation (5.11) is a difference equation as it gives a relation between probability 
distributions at consecutive discrete or lattice points 
*,, 
* 5 W, and 
* 4 W,. 
Thus, we have managed to reduce the difference-differential equation (4.7) to a purely 
difference equation. 
In our numerical work, we will use the substitution   W to simplify the 
equation, where  is now the measure of nonlinearity.  Note that since the range of values 
that can be taken by  and W are 0    1, and W  0 respectively, so  can then take 
any positive value. We will also shift the lattice points by one step by making the 
substitution  h  5  , so there is a relabel in the probability density terms as follows:  

|*,     
*, 

*,     
{*, 

{*,     
{{*,                                                               
where as defined in (4.3),   
~*,    
* ~  ,.  We will then rearrange (5.11) and use 
the explicit form of vwx, to arrive at the following equation 

*,  
{*,*1 4 ,  11 4 1 4   4 1                                         *5.13, 
where 
  ln 
{*,*1 4 ,
{*, 5 




4 2&& d* 5 ,7 4 &
{*,&e                                                                   *5.14, 
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The parameter  represents the strength of nonlinearity, and  is the regularization 
parameter that ensures the generalised potential  vwx  is well-defined at  
  0. 
Although the non-perturbative solution gives us adjacent discrete points of 
*,, 
separated by the step size  which is just the nonlinearity scale, we have to note that the 
variable  and hence also 
*, are actually continuous. Hence, when we are studying the 
effects of large nonlinearity, or using large z, the lattice points of 
*, obtained will be 
smoothly joined by a continuous curve. 
5.3 Boundary conditions  
In order to determine the probability density distribution 
 from the non-
perturbative solution, we need to first choose a set of boundary conditions or initial 
conditions. These are the first 2 variables 
{{ and  
{ at the initial chosen points for , so 
that we can iterate (5.13) for a direct backward evolution in order to get values of 
 for 
smaller . To do this, we will consider that at large size of the universe, or at large , the 
solution k*, is the asymptotic solution to the linear Wheeler-DeWitt equation.  
Therefore, the boundary points  
{{ and 
{ can be determined from (5.4), the asymptotic 
values of the Hankel function. In our numerical work, we have chosen these initial points 

{{ and  
{ located at points   5 and   5 4  respectively. 
Since the iteration is started from a chosen point   5, the backwards evolution 
only allows us to determine the 
 curve for 0    5. In fact, only a backward iteration 
has been attempted before as the difference equation (5.10) naturally only allows a direct 
backward iteration. So in our study, we will venture beyond the initial points to observe 
how 
 will evolve for even larger . In order to obtain 
 values for    5, we need to do 
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a forward iteration from the initial point. However, in equation (5.10), 
{{ cannot be 
written explicitly in terms of 
 and 
{. Instead, we applied Newton’s method on the 
implicit equation starting from the same initial points 
 and 
{ to obtain a forward 
evolution of the probability density towards larger . Results of the Newton’s method has 
been found to be in agreement with the direct backward evolution starting from the end 
values of 
 obtained from the forward iteration, for example, at   10 and   10 4 . 
Consistency checks like this, and with numerical accuracy set at 16 figures, gives us the 
confidence that the features of the 
 curves obtained are real, and not a result of 
numerical error. 
Next, we will present the results of the non-perturbative solution to the modified 









Size of a quantum universe with nonlinearity 
 
6.1 Varying nonlinearity factor z 
By iterating (5.13) using (5.4), we will obtain one 
 curve for a specific  and  . 
Probability density 
 is defined to be a positive value, or at least zero. Thus when 
 
attains a negative or complex value, we interpret this to be an unphysical region. 
We studied the resulting 
 curves for different values of , whilst maintaining , 
and observed features that were not detected in the perturbative method.  We found that 
the 2 ranges of         and       will give rise to 2 different types of 
 curves 
with distinct features. The value   in the limits of these ranges is a certain value of  
specific to  . For example, for    0.5, we have found   0.049. So effectively, just 
varying  will result in 2 different types of 
 curves as discussed below.  
6.1.1 Maximum allowed size   
Fig 6.1a shows the resulting 
 curve for   0.5, and a low  value where  
 .  It can be observed that 
 stays positive in the backwards iteration from   5 
towards   0 as predicted by the perturbative method too. However, in the forward 
iteration the curve reaches a point  where 
 will eventually become zero at some 
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finite value of 2, beyond which 
 becomes unphysical. This feature is clearly shown 
in Fig 6.1b, which is a zoomed in version of Fig 6.1a to show the region of .  
 
Fig 6.1a. Resulting 
 curve for   0.005    and    0.5, shows positive 
 in 
backwards iteration towards   0 
 
 
Fig 6.1b  Region near to  where 
 becomes unphysical in the forwards iteration. 
The value of    14.37, where 
 is zero. The real component of the complex 
 
obtained just after  is plotted in the graph. 
                                                           
2
 In the numerical work,  is the point where we have located 
 to first become complex or 
negative in the forward iteration. Due to the lattice nature of equation (5.13), the actual point of  where 
 vanishes is between 2 lattice points ie between  and  - z 
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We observed that for increasing values of  towards  , the value of   
decreases or 
 remains physical for a shorter range of scale factor  . We found that  
fits a power law in relation to  for low values of  as shown in Fig 6.2. The approximate 
relation is given by the equation of the best fit curve:    |.¡. This relation will be 
proven analytically in the next section. 
 
Fig 6.2.  decreases with  according to power law for  < 0.04. 
 
Therefore we have seen that unlike the perturbative study, our results using the 
more exact form (5.14) shows a new feature  . It tells us that there is a maximum 
allowable size to the quantum universe. Furthermore, increasing the nonlinearity towards 
a critical value  will result in a smaller maximum size. 
 
6.1.2 Minimum allowed size ¢£ 
When the nonlinearity z is increased beyond the critical value  , it can be 
observed that now, in the backwards iteration from   5 towards    0, 
 vanishes at a 
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finite point 3. In the forwards iteration, 
 continues with the same behaviour of 
vanishing at a point   and becoming unphysical beyond that. Thus, the second new 
feature not predicted in the perturbative treatment but observed here, is the existence of 
. This feature is clearly shown in Fig 6.3. In this figure for   0.1 and   0.5, we 
can observe that 
 is only physical approximately in the region 4.55    5.3. 
 
 
Fig 6.3. Resulting 
 curve for   0.1    and    0.5, shows a point   4.55  
where 
 first vanishes in the backwards iteration, and   5.30 in the forwards 
iteration. Only the real negative part of the complex 
 for    5.30 in the unphysical 
region is plotted in the graph.  
 
The point  implies a nonzero minimum allowable size to the quantum 
universe. Thus a quantum universe with nonlinearity     will have a minimum and 
maximum allowable size. We have found that as a general trend, the value of  
decreases as  increases from  . This means that 
 remains physical for a larger range of 
scale factor . In other words, the quantum universe has a larger range of allowable sizes.  
                                                           
3
 In some cases, a continued evolution of 
 beyond the points where it vanishes shows that it 
can become positive again in a new  region. Here we will assume that the wavefunction is 
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If we have an ensemble of quantum universes where non-linearity   , the 
smallest universes will have a finite minimum size. Interestingly, the presence of  
hence circumvents the Big Bang problem in that a zero-size universe is not allowed. This 
solution however does not work if nonlinearity   , as there is no  and hence the 
smallest universe in this ensemble can have a zero size. For this situation then, we will 
turn to the original quantum tunneling idea and check if indeed we do have a potential 
barrier for   .  
 6.3 Effective potential 
From the modified Wheeler-DeWitt equation (4.7), we can observe that the 
effective potential is  
  & d? 4 &.&e 5 s*
,                                              *6.1, 
with          
s*
,  12&& Cln 
*1 4 ,
 5 










To determine , we can only use an approximation for the second partial 
differentiation term as our values of 
 obtained are not continuous. So here we will use 
the central difference approximation method to calculate the term  ja√Yja  . 
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Fig 6.4 below shows the resulting effective potential for the case where    . 
The effective potential plotted is for the corresponding 
 curve shown in Fig 6.1a where 
  0.005 and    0.5.  
 
Fig 6.4. Small potential barrier observed at low . The graph is extrapolated backwards 
towards   0 using the calculated data points of  
As seen from Fig 6.3, there is a small but finite potential barrier at low . The first 
discrete point calculated for  is only defined at   0.01, hence the graph is 
extrapolated backwards towards   0. Nevertheless, the presence of a finite barrier near 
  0 is in agreement with the results of the perturbative study in Section 5.1. This still 
allows us to use the quantum tunneling picture. A quantum universe is created from 
nothing at   0, tunnels through the barrier and comes into existence at a finite size. In 
classical dynamics, a backward evolving universe will experience a bounce and screened 
from a Big Bang due to the presence of the potential barrier. Also in agreement with the 
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constraint    0.75. For cases where   0.75, the zero-size universe is still a 
possibility. 
The effective potential for large  where    will be discussed in Chapter 8 
where we will be using it in the interpretation of our results for a classical universe. For 
the quantum universe, we know that unphysical 
 for    already lets us avoid the 
Big Bang or zero-size problem without having to look at the effective potential. 
6.4 Robustness of ¢£ and   
We have found numerically, that the existence of  and  are robust to 
changes in initial chosen values of 
 or the starting point of iteration. Instead of starting 




{{ to be the same small value. Results from this iteration using equation (5.13) 
again show the existence of  for     in the backward iteration and the  existence 
of  in the forward iteration from this point, although the exact numerical values of 
,   and  differ. The trend of  and  in relation to  is also similar to 
the case which we have presented in the previous sections 6.1.1 and 6.1.2.  
Returning our discussion to the   and  features that were uncovered with 
our numerical work, we will next make some analytical approximations to understand the 
results obtained. 
6.2  Analysis of ¢£ and    
Firstly, we may understand the existence of  and  from the iteration 
procedure using equation (5.11). Using this difference equation with an initial point 

  0 and doing a backwards or forwards iteration from there may result in 
 eventually 
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becoming negative or complex at some finite point . This is because equation (5.11) 
does not guarantee 
 to remain positive in the evolution. The point  where 
 becomes 
negative or complex indicates the start of an unphysical region. Hence the region where p 
remains physical is restricted to a finite range of allowed  values, or size of the universe. 
Next we will analyse how the nonlinearity factor  will affect the maximum allowed size 
of the universe, or  to verify the relation which we have arrived at numerically in 
Section 6.1.1. To simplify this analysis, we will derive a relation between  and  for 
low . 
We set 
{  0, hence 
 is the probability density at point    4  and 
| 
the probability density at point    4 2. For  h 0,  assuming that the 
wavefunction k is smooth near the node, estimate the slope of the wavefunction 
k¤ around the point    to be constant. Therefore, 
k* 4 ,  k*, 4 k¤ 
      4¥                                                               *6.1, 
where k¤  ¥ is the slope of the wavefunction at . Hence this implies 

  *¥,&                                                            *6.2, 
Similarly, for the adjacent point     4 , 
k* 4 2,  k*, 4 2k¤ 
      42¥                                                               *6.3, 
giving 

|  *2¥,&                                                          *6.4, 
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We can then use (6.2) and (6.4) by setting 
{  0  in equation (5.11) 
J





§             *6.5, 
 
For   0, and using (6.2) and (6.4), we arrive at 
  1√ ¨ &*¥&,& 4 12& Jln*1 4 , 5 44 4 3L©
=/7                 *6.6, 
In general ¥ is a function of  and , but if the dependence does not overcome the explicit 
 factors in (6.6), then we observe that  h ∞ as  h 0. Equation (6.6) also tells us 
that for low ,   =√ª.  Hence this analysis explains the power law relationship 
between   and  for low  which we obtained in our numerical work as illustrated in 
Fig 6.2.  
We have set 
{  0 in the previous analysis to help us observe the trend of , 
and similarly setting 
|  0 in the difference equation (5.11) does not pose any problem 
mathematically. However, in order to examine what happens before  or after , 
we need to set 
  0. Unfortunately this leads to a divergence through the ln*
, term in 
(5.11).  We thus rearrange equation (5.11) and taking the 











§      *6.7, 
Considering product of 
&and the ^B term to vanish in the limit 
 h 0, we arrive at the 








§                   *6.8, 
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Equation (6.8) tells us that the expression in square brackets must lead to a  4 =Ya  
divergence when 
 h 0, that is, when the adjacent points 
{ or 
| becomes negative or 
simply unphysical. This relation will be used in further analysis when we discuss the 
classical interpretation in Chapter 8.  
6.3 Exact solution 
We may obtain an exact solution to equation (5.11) that illustrates both an  and an 
 by considering just three lattice points: 
|  0,   
{  0  and 
 u 
*,  0  at 
the midpoint  between  and . Equation (5.11) then becomes 
J
L&  *,7 4 12&& ¦ln 1*1 4 ,§                                          *6.9, 
Since the right-hand side of expression (6.9) must be non-negative, this implies  
&*,7    12& ¦ln 1*1 4 ,§                                        (6.10) 
Using   4    , (6.10) becomes 
&* 5 ,7    12& ¦ln 1*1 4 ,§                                        (6.11) 
The constraint (6.11) shows us that for a fixed nonlinearity z, if we take  h 0{or 
 h 1|, then the right-hand side of the expression blows up, implying a large . So 
one may have universes with large allowed sizes, up to    5 2. 
 






7.1 Oscillatory behaviour of ¬ curves 
The third feature that can be observed in the 
 curves is its oscillatory nature. This 
is in contrast to the linear theory which gives 
 curves of the Hankel function that is only 
monotically decreasing. The existence of oscillations in the 
 curve for the modified 
Wheeler De-Witt equation has been noted in [5]. We further investigate this feature in 
more detail and observe if there are any associated patterns.  
Our study shows that in general, oscillations become more apparent as  
increases, and for larger values of  up until the critical value . For    , it is 
difficult to observe any oscillations as we only have small regions of positive 
. Fig 7.1 
shows the oscillations in the 
 curve for   0.048.  
 
Fig 7.1 The 
 curve for   0.048 shows oscillations becoming more apparent as  
increases. 
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For lower values of , the oscillations cannot be observed directly from the 
 
curve. We were only able to discern them by plotting ratio curves of 
 to the monotically 
decreasing result of the linear theory, 
 which can be determined from (5.4)  

*,    66&                                                             *7.1, 
Plotting the ratio curves reveals more patterns to the oscillations. We observe that the 
oscillations have increasing frequency with increasing , and amplitude reaching a 
constant value at large  towards the initial iteration point   5. The ratio value also 
tends to oscillate about unity and maintains this behaviour at larger  in the forward 
evolution from   5. Fig 7.2 shows this ratio curve for   0.005. From the figure, the 
described behaviour of the oscillations is easily seen. The value of the ratio also tends to 
a value of 1 and we observe that continued evolution for larger  gives the ratio curve 
consistently oscillating about the value 1.  
 
Fig 7.2 Ratio curve of 
 to 
 for   0.005 shows oscillations with increasing 
frequency as  increases, and constant amplitude at large .  
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7.3 Robustness of oscillations  
We have also checked whether oscillations are still observed if we change the 
initial chosen values of 
 or the initial point of iteration. We have done a similar check 
for the  and  features as discussed in the previous chapter. Again using the 
same new initial conditions, for example choosing the initial 
{ and 
{{  to be the same 
small value with 
{{ at   10, we did a backwards and forwards iteration from there. 
Oscillations are still observed, with the same trend of increasing frequency and 
stabilizing amplitude as  increases. indicating that this feature is also robust to initial 
conditions used. 
7.4 Analysis of oscillations 
In order to understand how our numerical work gives rise to these oscillations, we 
can make some analytical approximations in our derivation of the probability density  
. 
We use a different ansatz for the wavefunction, instead writing it as follows 
k*,  n­®&{*,¯                                                  *7.2, 
where @ and U are real, and substitute this into the modified Wheeler-DeWitt equation 
(4.7). Assuming the nonlinear term s*
, are small perturbations to the original linear 
WDW equation, we use  to represent s*
,, arriving at the following relation 
4 C@2 5 AUD 4 C@2 5 AUD& 4 7 5   0                                 *7.3, 
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The real parts of (7.3) can be simplified to 
2@¤¤ 5 @& 4 4*U,& 5 47  0                                             *7.4,  
Similar to the derivation step for the difference equation in (5.9) as shown in Appendix 
B.1, the imaginary parts of (7.3) can be similarly treated to result in the continuity 
equation 
gg On®US  0                                                        *7.5, 
where we will equate the term in brackets to the constant current  
n®U¤                                                             *7.6,.  
Using (7.6) in (7.4) gives rise to the following 
2@¤¤ 5 *@¤,& 5 4O7 4 &n|&®S 5   0                               *7.7, 
If @ is the solution to (7.7) with no perturbations and   0, then the full solution 
@  @ 5 °  can be used in (7.7). This leads us to lowest order in  and  °, the following 
simple harmonic equation for the fluctuations ° 
°¤¤ 5 @¤°¤ 5 4&°n|&®±  0                                       *7.8, 
Since the solution to the linear theory is monotically decreasing, then  
¤  @¤n®±  0, 
suggesting that @¤  0. So this results in the anti-damping term that should cause the 
oscillations to increase with .  
However, we also know from (7.1) that in relation to the scale factor , the 
solution to the linear theory  
   1 &⁄ . This gives us a stricter constraint for @¤ :  
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@¤  41 ⁄ . So for large , when the solution to the modified WDW equation tends to 
that of the linear theory, we should expect that the anti-damping term vanishes.   
In addition, the last term in equation (7.8) gives us the frequency ³ of the 
oscillation in terms of 
 which is determined from the ansatz (7.2).  
³&  4&n|&®±  4&
|&                                                *7.9, 
Since 
   1 &⁄ , then  ³&  7. This tells us that the frequency of the oscillations 
should increase with . 
The behaviour of the amplitude of oscillations and the frequency described using 
this analysis explains the observations made numerically. When  is small, the 
oscillations were not obvious due to the low frequency and amplitude. As  increases, 
amplitude and frequency increases, making the oscillations more apparent. Due to the 
anti-damping effect weakening as found in the analysis, we then observe that the 
amplitude begin to stabilise. While this occurs, frequency continues to increase as 
predicted in our analysis.  
Furthermore, analyzing the ratio  
 
⁄  for  ° h 0,  


  n®n®± 
         n®±{´n®±  
   n´ 
       1 5 °                                                          *7.10, 
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° h 0 occurs when the solution tends to that of the linear theory, and this has 
been set at the initial iteration points at large . So the relation (7.10) is consistent with 
our numerical observations as illustrated in Fig 7.2 where the ratio curve tend to display 
small oscillations about the value 1 when  is large.  
We note that the analysis done in this section shows that any small perturbation to 
the original WDW equation may give rise to these oscillations in 
, and it is not 
necessarily due to the nonlinear term s*
, defined in (4.2). 
The existence of oscillations in the probability density curves imply that the 
probability with which a quantum universe observed in an ensemble has a certain size 
does not monotically decrease with increasing size, but deviates from this trend by small 
oscillatory perturbations.  
7.5 Predictions of approximation methods 
We have also investigated other approximations to the modified WDW equation 
using the nonlinear differential equation (5.1), where we have expanded s to the lowest 
order in  W, the nonlinear length. We have done both the iterative method as described in 
Section 5.1, and non-iterative method to numerically produce the probability density 
 
curves. For the non-iterative method, we have tried other forms of 
 such as 
  µ& as 
well as 
  n® to solve the differential equation (5.1) directly. The procedure is 
described in more detail in Appendix B.3 
The numerical results from these perturbative approximation methods display the 
oscillations but they do not show the  and  features predicted by the 
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nonperturbative difference equation (5.13). This tells us that the latter features are only 
predicted if we use the full form of s*











Effective Classical Dynamics 
 
8.1 Classical interpretation 
Since the Wheeler-DeWitt equation is time-independent, there is no associated 
time evolution of a universe described by this equation. Instead, the probability density 

*, only tells us the probability of observing a universe in an ensemble, with a 
particular size . This interpretation has been used for most of our discussion on quantum 
universes prior to this chapter. We will now return to the classical domain to interpret the 
implications of our results for the dynamics of a single universe. 
We can see that from equation (5.10), the term 8U 8⁄  which may be associated 
with the classical momentum as discussed in references [1, 8], becomes large near the 
nodes   
  0. Thus in this semiclassical approximation, we can use (3.5) to arrive at the 
modified Friedmann equation 
&K& 5   0                                                    *8.1, 
where   47 5 s*
, is the effective potential, and 
 the solution to the nonlinear 
WDW equation (4.7). Equation (8.1) will describe the effective classical dynamics of a 
single universe. 
If the nonlinearity piece s*
, is weak, then it cannot overcome the 7 term, 
especially at large . Thus    0 and classically, the universe can expand to any size 
 without limit. 
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However, near a finite point    t    0 where the wavefunction k and hence 
 
vanishes, if we make a linear approximation to the wavefunction similar to the approach 
in Section 6.2, then 
 u |k|&~* 4 t,& . From equation (6.7), vbx  41 
&⁄   near t. 
Furthermore, from equation (4.4), Q is likely to be negatively large and diverging. Thus, 
it is possible that s*
, may become largely positive. We note here that the enhancement 
in this nonlinearity near the nodes was noted in earlier works such as reference [14]. 
Hence there is a possibility that  may become zero or even positive, indicating a 
potential barrier and so forbidden region for the classical universe. 
Numerically, we have found  to be negative between  and . Hence 
this is an allowed region for the classical universe to exist. In some cases,  is found to 
be real and positive near  for example, when   0.5,   0.05. Other instances 
where we have found  to be real and positive near  is, for example, when  
  0.9,   0.02. These real positive values of  near  and  points 
indicates the presence of potential barriers there, implying the boundary of the forbidden 
region for a classical universe as mentioned previously. The dynamical behaviour of such 
a classical universe at these points will be studied analytically in the next section. 
8.2 Behaviour at ¢£ and   
To analyse the effective classical dynamics of a universe near  and , we 
first rearrange (8.1) to equate K& to a modified ‘potential’ function *, as follows 
K&  4 1&  
  *,                                                                  *8.2,  
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Considering approaching from the left towards a node at   t, and then assuming a 
Taylor expansion near t, one may write (8.2)  
K&  *t, 5 * 4 t,¤*t,                                           *8.3, 
We note that in the earlier section, we have found cases numerically where  shifts 
from a real negative value to a positive value near  and   points. So here we will 
estimate that *t,  0 at the node and ’*t, is a positive constant at the  
node. Thus using (8.2), *t,  0 and ’*t, is a negative constant respectively. Since 
  t approaching the  node from the left, then this ensures that the right-hand 
side of (8.3) remains positive, ensuring the validity of the approximation. 
Thus, near the  node, we will obtain  
K  } 4                                                      *8.4, 
where we have taken the positive square-root value for K  since we are approaching the 
 node from the left, indicating an expanding universe just before it reaches . 
Hence (8.4)  shows K  0 and M  0 as  h .  
Similarly, consider approaching the node at   t from the right, then we can 
use (8.3) where this time,  *t,  0 at the node and ’*t, is a negative constant 
at the  node, thus *t,  0 and ’*t, is a positive constant respectively. We also 
note that   t when approaching  from the right. Therefore, we will arrive at the 
following approximation for K  of a universe approaching the  node 
K  4} 4                                                      *8.5, 
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where we have chosen K  to take the negative square-root value since we are approaching 
the  node from the right, indicating that the universe undergoes contraction just 
before . Hence (8.5) shows K  0 and M  0 as  h  
The conclusion from (8.4) and (8.5) implies that  and  give turning 
points in the effective classical dynamics described by equation (8.1). At , the 
universe undergoes a Big Bounce, as it proceeds to expand after the stationary point at 
, thus avoiding a zero size at   0. At  , the universe undergoes a Big Crunch 
where it proceeds to contract after the stationary point at . Thus the effective 
classical dynamics can describe a cyclic universe. 
  The conclusions above on the dynamics of a classical universe are based on real 
 values which we have obtained numerically in some cases mentioned previously. 
There were, however, many cases for    ie cases where we have both  and 
, that although  remains real and negative between these two points, it jumps to 
complex values near either or both points. The complex  implies 
 has reached an 
unphysical value, which is negative or complex. Since vwx is defined only for a discrete 
set of points from 
, it is possible that s*
, and hence  may not become analytic near 
the point   t. For example, the ln *
,~ ln* 4 t,& term in vwx near   t may 
jump from a negative to complex values. If it is the dominant term in s*
,, this leads to 
the unphysical  we obtain at the nodes. Then such cases where  is unanalytical 
near the node implies that the approximation (8.1) has broken down near that point. 
However, it is possible to observe a cyclic classical universe for    and 
  0.75, where there is no  or minimum allowable size. At low , there is still a 
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potential barrier as discussed in Chapter 6, and at the same time,  is chosen such that we 
detect a potential barrier near . Fig 8.1a and Fig 8.1b illustrates such a cyclic 
universe with chosen parameters   0.02    and   0.7. From Fig 8.1a, we can see 
a large potential barrier near  that allows a classical universe to contract after 
reaching the turning point there. Fig 8.2a gives a zoomed in version of Fig 8.1a near 
  0 to show the small but finite potential barrier near this point that allows a classical 
universe to bounce and expand upon reaching this turning point. Thus we observe that for 
such conditions on  and , the effective classical dynamics can describe a cyclic 
universe. 
 
Fig 8.1a Effective potential for   0.02,   0.7 shows a barrier near   8.1 
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8.3 Oscillatory behavior 
Besides the  and  features, the third feature we have observed in the 
probability density curves 
 were the oscillations, and the effective classical dynamics 
can also be used to give an interpretation for these oscillations.  
Consider from equation (7.10) 


  n´                                                                   *8.6, 
where ° is the small oscillatory term used in the previous chapter, and 
 is the solution 
to the linear theory, or unperturbed solution 
Using equation (5.10) we obtain 
  gUg n´
                                                           *8.7, 
where jj can be associated with the classical momentum as discussed in 
references [1, 8], so using the canonical expression for momentum 
   4K  and  
  4  from equation (5.12), we arrive at 
4K  
 n|´ 
K  J 66
L n|´                                                    *8.8, 
From (7.1), we know that  
  1/&, hence 
K  n|´                                                           *8.9, 
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For °  0, we have the classical solution for a 
  n                                                                       *8.10, 
For small °, we expand the exponential term in (8.9), keeping only the lowest order in ° 
K  *1 4 °*,,                                                     *8.11, 
Hence we will obtain the solution for a 
  n*=|´,                                                             *8.12, 
From (8.12), we observe that considering the nonlinearity as a perturbation, the 
expansion of a classical universe with nonlinearity will not fall exponentially. Instead 
there will be small deviations from this exponential drop, so *+,  exp *+*1 4 °,, 
where ° is the small oscillatory term used in the previous chapter.  
We have thus far presented some new features observed of a FRW-Λ quantum 
universe in a nonlinear framework, as predicted by the difference equation and their 
implications in the classical domain. Such a universe is one which is spatially flat and 
with a non-zero cosmological constant. In the next chapter, we discuss a similar nonlinear 
treatment to a different model – a flat universe without the cosmological constant, and 
present our findings. 
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Chapter 9   
Zero Cosmological Constant Model 
 
9.1 Difference equation for the zero cosmological constant flat FRW model 
Using the relation Λ  3 &⁄  from chapter 3, the modified Wheeler-DeWitt 
equation (4.7) will become 
C4 g&g& 5 & J? 4 Λ3 &L 5 s*
,Dk*,  0                          *9.1, 
For a zero cosmological constant model, we will then make the substitution Λ  0, and 
for a flat geometry, ?  0. This gives us the modified Wheeler-DeWitt equation for a 
zero cosmological constant flat universe: 
C4 g&g& 5 s*
,Dk*,  0                                        *9.2, 
By equating the nonlinear term  s*
,  0 and solving the resulting second order 
differential equation, we arrive at the solution to the linear Wheeler-DeWitt equation 
k*,  #= 5 #&                                              *9.3, 
where # are complex constants. The probability density curve is then of quadratic form 

*,  µ& 4 º 5                                           *9.4, 
where µ,    0. We will obtain a normalisable solution if º  0 as the probability 
density becomes negative beyond a certain point   . Thus this gives us an 
allowed physical region  0    .  
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To study the nonlinear case, we revert back to equation (9.2). Using the same 
substitution Λ  3 &⁄  in the difference equation (5.13) for the non-zero cosmological 
constant case, we will arrive at the following difference equation for our current zero 
cosmological constant model: 

*,  
{*,*1 4 ,  11 4 1 4   4 1                                         *9.5, 
where 
  ln 
{*,*1 4 ,
{*, 5 
{{*, 5 1 4 *1 4 ,
{*,*1 4 ,
{*, 5 
{{*, 5 2&& d &
{*,&e 
and we have set the constant current   41.  
9.2 Numerical work 
We have tried various initial conditions and found that only normalisable 
solutions can be obtained only if the initial condition 
{{ is sufficiently small. For the 
following discussion, we have set   0.5, and the initial 
{{ and 
{ points to be 

{{  0 at   10 and 
{  0.2  at    10 4 .  
Forward iteration from   10 gives an infinitely negative value, implying that 
  10 is the start of the unphysical region for 
. Hence for this set of initial conditions, 
  10.  
For    ,  where  is found to be 0.16, we have a 
 curve that remains positive 
all the way to   0. This is illustrated as the red 
 curve in Fig 9.1 below. The figure 
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also shows a superimposed 
 curve for the unperturbed or linear WDW case where 
s  0. This 
 curve is obtained by best fitting a quadratic curve to the initial points near 
  10. This again is done with the assumption that at large , the nonlinear solution 
 
should tend to that of the unperturbed solution 
.  
 
Fig 9.1 Probability density curves for    0.007   in the Λ  0 flat model. The solid 
curve shows the 
 curve, which is the solution for the nonlinear WDW case, and the 
dashed curve shows the 
 curve, solution for the linear case. 
 
Fig 9.1 indicates that nonlinearity results in the 
 curve becoming less steep 
compared to 
 for the same initial conditions at .  
For   , 
 vanishes at a finite point  in the backward evolution. This is 
illustrated in the Figures 9.2a and 9.2b below, showing the 
 curve for   0.2   . Fig 
9.2a is a zoomed in version of Fig 9.2b where we can see   9.76. In Fig 9.2b, we 
observe that 
 in the range     becomes negative and hence unphysical.  































Fig 9.2a  
 curve for   0.2    where 




 curve for   0.2    shows 
 becomes negative and hence unphysical for    for the backwards evolution to   0. Markers for the discrete points have 
been omitted due to their close proximity.   
 
As shown on Fig 9.2a, only three data points describes to us the approximate physical 
 
region. Nevertheless, keeping in mind that the discrete nature of the points is due to the 
difference equation (9.3) and 
*, should actually be a continuous function, a best fit is 






























 9   Zero Cosmological Constant Model 
58 
 
Similar observations were made when we started the iteration at larger . The 
same initial points 
{{  0 and 
{  0.2 at   20 and   20 4  respectively, hence 
the maximum allowable size  is set at   20. We found that there exists a critical 
,  beyond which the quantum universe has a non-zero minimum allowable size, . 
Therefore, a non-zero minimum allowable size lets a Λ  0 universe avoid a zero-size at 
  0. 
Numerical investigation on the effective potential  for this Λ  0 model did 
not reveal any potential barrier near   0 for the       cases. In fact,  remains 
negative for the whole physical range of 
. Fig 9.3 below illustrates this for the 
 corresponding to   0.007     , the 
 curve of which is shown in Fig 9.1. 
 
Fig 9.3 The effective potential for   0.007    in the Λ  0 flat model does not 
reveal any potential barrier 
In summary, the existence of   and  in the FRW-Λ model for     
which leads to the finite range of allowable size of a quantum universe are also observed 
in this Λ  0 model. On the other hand, our numerical investigation on the effective 
potential  for     did not reveal any barrier near   0 for   0.2 and   0.5,  
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unlike the FRW-Λ universe. Thus, the Λ  0 flat model only avoids a zero size at   0 
for nonlinearity    .  
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Chapter  10 
Conclusion 
 
The probability density curve for a flat FRW-Λ  universe obeys the nonlinear 
difference equation (5.13) , uncovering features that were not observed before in the 
perturbative method. These features are the , or minimum allowable size,  or 
maximum allowable size to the universe, and oscillations of the probability density curve. 
For weak nonlinearity z, the quantum universe has a maximum allowed size  
where   1 √⁄ . If there is a restriction on η such that η < 0.75, then there exists a 
potential barrier near   0. This suggests that a quantum universe created from 
‘nothing’ at   0, quantum tunnels through the barrier and comes into existence at a 
finite size . A barrier here also suggests that in the classical domain, a collapsing 
universe approaching a=0 experiences a Big Bounce before it can reach a zero size. 
When the strength of the nonlinearity z increases beyond a critical value  with 
no restriction on η, then in addition to a maximum allowable size, there is also a 
minimum allowable size  to the quantum universe. We may consider the quantum 
nonlinearity as counteracting the dispersion of the wavefunction and localizing it to the 
physically allowed finite region      . We may also consider that in such a 
case, a zero-size universe is avoided. 
In the quantum picture, the probability density 
*, refers to the likelihood of 
locating a quantum universe of a specific size  from an ensemble.  and 
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 indicates the start of the region where 
 becomes unphysical. Hence the quantum 
universe cannot exist with sizes beyond these values.  
In the effective classical dynamics, we have showed that where the effective 
potential remains real in the region near  and , the presence of a potential 
barrier at these extreme points creates a bounce for the classical universe, which leads us 
to the interpretation of a cyclic universe. At , a contracting universe experiences a 
Big Bounce, hence it is screened from a Big Bang at   0. At , the expanding 
universe experiences a Big Crunch, instead of an endless exponential expansion. While it 
is expected that weak quantum nonlinearity may lead to a Big Bounce for small , it is an 
interesting find that such weak nonlinearity can also modify the evolution of a classical 
universe at large scales. Instead of an infinite expansion, we observe a Big Crunch. In 
fact it is interesting to note that such a Big Crunch was also suggested by quantum effects 
in a different flat FRW model in Loop Quantum Cosmology[15]. 
However, in order to truly study the time-evolution dynamics of a universe in the 
quantum domain, we need to extend the FRW- Λ model to one that includes a massless 
scalar field ' which acts as an internal clock, like in the FRW- ' model. This latter 
model, which was studied within our nonlinear WDW framework using perturbative 
methods in [4], gives results which mirrored that of the perturbative study of the FRW- Λ 
model. Thus, based on this, as well as the analysis of the nonlinearity s that we have 
done in Chapter 6, we think that we may also see a cyclic time-evolution universe if we 
were to study the FRW- ' model using the nonperturbative method.  Furthermore, the 
use of the FRW- ' model is also important as it has a curvature singularity at the 
classical Big Bang. 
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We have discussed the FRW models for Λ  0 which gave similar encounters of a 
cyclic universe for some parameters  and . Hence we think that models with a slowly 
varying cosmological constant Λ which could model inflationary potentials should also 
give cyclic evolutions for the quantum universe. On the other hand, one could also 
consider varying  and  with scale factor  to mimic inflation in the early universe, and 
dark energy at late times. Therefore, to eventually closely model our universe, we need to 
compare computations of observables with available empirical data in order to fix these 
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Appendix A:  MATLAB codes 
 
Generate  p curve and ratio curve with initial points as asymptotic hankel function 
K=0; %geometry of universe 
N=0.5; %eta 
a0=1; %a_node 
C=1; %normalisation constant 
k=-6*(C^2)/pi(); %constant k 
for m=150:-1:150; %varying z 
    z=5/m;   %numerator is max a (initial point of iteration) 
    q=zeros(1,m); %p curve 
    U=zeros(1,m); %ratio of p to asymptotic hankel 
    a=zeros(1,m); %scale factor a 
    Q1=zeros(1,m); 
    for s=m-2:-1:1; 
        q(m)=(6*a0/(pi()*(((m)*z)^2)));    
        q(m-1)=(6*a0/(pi()*(((m-1)*z)^2)));     
        k0 =(q(s+1))/(((1-N)*q(s+1))+N*(q(s+2))); 
        k1=log((q(s+1))/(((1-N)*q(s+1))+N*(q(s+2)))); 
        k2=-((1-N)*q(s+1))/(((1-N)*q(s+1))+N*q(s+2)); 
        k3=-2*(z*N)^2*((((z*(s+1))^4)/(a0)^2)-(((z*(s+1))^2)*K)-
((k^2)/(q(s+1))^2)); 
        D(s)=k1+1+k2+k3; 
        q(s)=((N*q(s+1))/(1-N))*((1/(1-((1-N)/N)*D(s)))-1); 
        h(s)=(abs(sqrt(6*a0/(pi*(z*(s))^2))))^2; 
        U(s)=q(s)/h(s); 
        h(m)=(abs(sqrt(6*a0/(pi*(z*(m))^2))))^2; 
        h(m-1)=(abs(sqrt(6*a0/(pi*(z*(m-1))^2))))^2; 
        U(m)=q(m)/h(m); 
        U(m-1)=q(m-1)/h(m-1); 
        a(m)=5; 
        a(m-1)=5-z; 
        a(s)=z*s; 
        if(q(s) <= 0); 
           tmpA=z*s; 
           tmpZ=z; 
           tmpD=D(s); 
           disp('unphysical p');  
           break 
        end 
    end 
    disp('ok'); 
    hold on 
    s=(1:m); 
    plot(z*s,q) %plot p curve 





 12 Appendix A 
66 
 





for m=120:-1:120;  
    z=5/m;  %note that numerator is max length of a 
    q=zeros(1,m); %p  
    U=zeros(1,m); %ratio of p to exact hankel function 
    for s=m-2:-1:1; 
        q(m)=(abs(C*(sqrt(z*(m)))*besselh((1/6),2,((z*(m))^3)/3)))^2;    
        q(m-1)=(abs(C*(sqrt(z*(m-1)))*besselh((1/6),2,((z*(m-
1))^3)/3)))^2;  
        k0 =(q(s+1))/(((1-N)*q(s+1))+N*(q(s+2))); 
        k1=log((q(s+1))/(((1-N)*q(s+1))+N*(q(s+2)))); 
        k2=-((1-N)*q(s+1))/(((1-N)*q(s+1))+N*q(s+2)); 
        k3=-2*(z*N)^2*(((z*(s+1))^4)-((k^2)/(q(s+1))^2)); 
        D(s)=k1+1+k2+k3; 
        q(s)=((N*q(s+1))/(1-N))*((1/(1-((1-N)/N)*D(s)))-1); 
        h(s)=(abs(C*(sqrt(z*(s)))*besselh((1/6),2,((z*(s))^3)/3)))^2;  
        U(s)=q(s)/h(s); 
        h(m)=(abs(C*(sqrt(z*(m)))*besselh((1/6),2,((z*(m))^3)/3)))^2;  
        h(m-1)=(abs(C*(sqrt(z*(m-1)))*besselh((1/6),2,((z*(m-
1))^3)/3)))^2;  
        U(m)=q(m)/h(m); 
        U(m-1)=q(m-1)/h(m-1); 
        if(q(s) <= 0); 
           tmpA=z*s; %a_min 
           tmpZ=z; %z value 
           disp('unphysical p'); 
           break 
        end 
    end 
    disp('ok'); 
    hold on 
    s=(1:m); 
    plot(z*s,q) %plot p curve 
    plot(z*s,U) %plot ratio curve 
end 
 




    z=5/L; 
    N=0.5; 
    a0=1; 
    P=1; %normalisation constant 
    k=-(6*P^2)/pi(); 
    U=zeros(1,m); %ratio of p to asymptotic hankel function 
    y=zeros(1,m); %p curve 
    for s=5:1:m; %s=L+1:1:m 
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        y(3)=q(3); %y(L-1)=q(L-1) 
        y(4)=q(4); %y(L)=q(L)  
        nmax=400; 
        x=y(s-1); %take the initial guess to be the previous point ie 
value of y at (s-1) 
        e=10^(-12); %tolerance 
        h(s)=(abs(sqrt(6/(pi*(z*(s))^2))))^2; %asymptotic hankel 
function 
        for n=1:nmax 
            A=2*(z^2)*(N^2)*(((z*(s-1))^4/(a0^2))-(k^2)/(y(s-1))^2); 
            B=log(y(s-1)/(((1-N)*y(s-1))+(N*x)));  
            C=(1-N)*(y(s-1)/(((1-N)*y(s-1))+(N*x))); 
            D=(N*(y(s-2)))/(((1-N)*(y(s-2)))+N*(y(s-1))); 
            F=((N^2)*x)/(((1-N)*y(s-1))+(N*x))^2; %this is the 
derivative of the function wrt x 
            d=(A-B-1+C+D)/F; 
            K=(A-B-1+C+D); 
            x=x-d; 
            if (n<=nmax && abs(d)<e) 
                tmpx=x; 
                y(s)=tmpx; 
                tmpn=n; 
                U(s)=y(s)/h(s); 
                fprintf('Converged!\n')  
                break 
            end 
            if (n==nmax) 
                tmpx=x; 
                y(s)=tmpx; 
                tmpa=z*s; 
                fprintf('Diverged!\n') 
                break 
            end 
        end 
        if (real(y(s))<0 && imag(y(s))>0) 
            tmpa=z*s; 
            tmps=s; 
            fprintf('complex with real part negative\n') 
            break 
        end 
        if (real(y(s))<0 && imag(y(s))<0) 
            tmpa=z*s; 
            tmps=s; 
            fprintf('complex with real part negative\n') 
            break 
        end 
        if (real(y(s))<0 && imag(y(s))==0) 
            tmpa=z*s; 
            fprintf('only real negative value\n') 
            break 
        end 
         if (real(y(s))>0 && imag(y(s))~=0) 
            tmpa=z*s; 
            fprintf('complex with positive real part\n') 
            break 
         end 
    end 
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        h(s)=(abs(sqrt(6/(pi*(z*(s))^2))))^2; 




plot(z*s,y) %plot p curve 
plot(z*s,U) %plot ratio curve 
 
To plot effective potential 
hold on      %run file to compute p before start 
r=diff(diff(sqrt(q)));  %2nd derivative of p 












    k1=log((q(b))/(((1-N)*q(b))+N*(q(b+1)))); 
    k2=-((1-N)*q(b))/(((1-N)*q(b))+N*q(b+1)); 
    k0=((q(b))/(((1-N)*q(b))+N*(q(b+1)))); 
    q0(b)=-(1/sqrt(q(b)))*(((sqrt(q(b+1)))-2*sqrt(q(b))+sqrt(q(b-
1)))/(z^2)); %this is Q (using cdm to compute second derivative of 
sqrt(p)) 
    q1(b)=(q(b+1)-q(b-1))/(2*z);     %this is q'(b) 
    q2(b)=(q(b+1)-2*q(b)+q(b-1))/(z^2);         %this is q"(b) using 
cdm 
    f(b)=(q1(b)/(12*(q(b))^3))*((2*(q1(b))^2)-3*q2(b)*q(b));   %this is 
f(b) part of the approximated eff V 
    V(b)=-(((z*(b))^4)/((a0)^2))+(1/(2*(z*N)^2))*(k1+1+k2-N*(((q(b-
1))/(((1-N)*q(b-1))+N*(q(b))))))-(q0(b)); %this is the exact potential 
using cdm to calculate the 2nd derivative of sqrt p 
    V1(b)=-(((z*(b))^4)/(a0)^2)+N*(3-4*N)*(z/N)*f(b);    %this is the 
approx eff V, taking l=1 
end 
b=(1:m); 
plot(z*b,V)    
 
 
To plot effective potential in the forward iteration 
 












    k1=log((y(b))/(((1-N)*y(b))+N*(y(b+1)))); 
    k2=-((1-N)*y(b))/(((1-N)*y(b))+N*y(b+1)); 
    k0=((y(b))/(((1-N)*y(b))+N*(y(b+1)))); 
    q0(b)=-(1/sqrt(y(b)))*(((sqrt(y(b+1)))-2*sqrt(y(b))+sqrt(y(b-
1)))/(z^2)); 
    Q1(b)=(1/(2*(z*N)^2))*(k1+1+k2-N*(((y(b-1))/(((1-N)*y(b-
1))+N*(y(b)))))); %this is Qnl 
    q1(b)=(y(b+1)-y(b-1))/(2*z);     %this is q'(b) 
    q2(b)=(y(b+1)-2*y(b)+y(b-1))/(z^2);         %this is q"(b) using 
cdm 







Zero cosmological constant p curve 





    z=10/m;   %note that numerator of z is max length of a 
    q=zeros(1,m); 
    for s=m-2:-1:1; 
        q(m)=-1*10^(-5);%q(s+2) 
        q(m-1)=0.2;  %q(s+1) 
        k1=log((q(s+1))/(((1-N)*q(s+1))+N*(q(s+2)))); 
        k2=-((1-N)*q(s+1))/(((1-N)*q(s+1))+N*q(s+2)); 
        k3=2*(z*N)^2*(((k^2)/(q(s+1))^2)); 
        D(s)=k1+1+k2+k3; 
        q(s)=((N*q(s+1))/(1-N))*((1/(1-((1-N)/N)*D(s)))-1); 
        if(q(s) <= 0); 
           tmpA=z*s 
           tmpZ=z 
           tmpD=D(s); 
           disp('unphysical p'); 
        end 
        if (imag(q(s))>0); 
            disp('complex!'); 
            break 
        end 
    end 
    disp('i am here 2'); 
    hold on 
    s=(1:m); 
    plot(z*s,q); 
end 
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Appendix B:  Derivations 
 
B.1  Derivation of equation (5.11):   ¿À¬À  Á 4 ÂÃÄ 
Using the definition      k*,kt*,  
*,  
We can thus write 
k  }
n                                                    *B.1, 
where U is the phase. 
Differentiate (B.1) with respect to , we have 
gkg  n g}
g 5 A}
n gUg                                     *B.2, 
Differentiate (B.2) with respect to , we have  
g&kg&  n g&}
g& 5 An g}
g gUg 5 An}
 g&Ug& 5 An gUg dg}
g 5 A}
 gUge               *B.3, 
Take the imaginary components of (B.3) and eliminating n, 
0  2g}
g gUg 5 }
 g&Ug& 
0  1}
 gg JgUg O}
S&L                                                   *B.4, 
The modified Wheeler-DeWitt equation (4.7) with   1 and ?  0 is as follows 
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g&kg& 5 7k 4 vbxk 5 vk 0                                  *B.5, 
Substitute the real components of (B.3) and eliminate n 
                            g&}
g& 4 }
 JgUgL&  47}
 5 vbx}
 5 g&}
g&                            
}





S=/& JgUgL                               *B.6,  
Substitute (B.6) into (B.4): 
0  1}
 gg }7 4 vbxO}
S=/&O}
S>/&                                  
      
0  1}
 gg }7 4 vbxO}
S&                                 *B.7, 
Integrate with respect to , we have 
  }7 4 vbxO}
S&  
J
L&  7 4 vbx                                                        *B.8, 
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B.2  Derivation of (5.12):  ¿  |ÆÇ   
The solution 
 of the linear Wheeler-DeWitt equation for large  can be obtained from 
the asymptotic hankel function (5.4): 
                   
*,   '.t*,'.*, 
                      JL& 66                                                    *B.9, 
where we have set   1,  and normalization constant   1. 
At large , we assume that the solution 
 of the modified Wheeler-DeWitt equation (4.7) 
will tend to that of the linear equation (B.9). So using (B.9) and (B.6) into (B.8), we have 
  
 gUg              
 J1L& 66 gUg                                                        *B.10, 
From the asymptotic hankel function   '.*,    =È n|JÉ  | ÊL,  
gUg  4&                                                          *B.11, 
Substitute (B.11) into (B.10), we arrive at 
   J1L& 66 *4&, 
  4 66                                                                      *B.12, 
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B.3  Solving modified WDW equation using non-iterative perturbative methods 
Just as in Chapter 5, s*
, can be expanded perturbatively to lowest order in nonlinearity 
length W, to give us the modified Wheeler-DeWitt equation:  







,                                               *B.14, 
with  
*,  kt*,k*,   and  the  ratio    W/^   measures the strength of non-
linearity 
Setting k  }
n   and taking its second derivative with respect to  , we will obtain the 
same result as (B.4) 
0  gg JgUg 
L 
 gUg 
                                                                *B.15, 
Real part of (B.13) can be rewritten using the real part of (B.3) and (B.15); 
1}
 g&}




L& 4 *3 4 4,*,  0                                     *B.16, 
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Now set          
  µ&                                                              *B.17, 
So           
¤  2µµ  and   
"2µµ" 5 2*µ,& 
Hence,   
*,  µµ3µ7 *µ,& 4 3µµ" 
And (B.16) becomes 
7 5 1µg&µg& 4 &µ7 4 *3 4 4, µµ3µ7 *µ,& 4 3µµ"  0                                      
7µ7 5 µ> g&µg& 4 & 4 *3 4 4,3 µµ*µ& 4 3µ"µ,  0                         *B.18, 
(B.18) is a second order partial differential equation in µ which can be solved directly 
using the same initial conditions for 
 used in Chapter 6 where µ  }
, and using 
  W  . The probability density curve 
*, can then be generated by taking 

*,  µ& 
Instead of (B.17) we can also try 

  n®                                                              *B.19, 
So  
  n®@    and    
"  n®@" 5 n®*@,&     
Hence 
*,  @12 4@& 4 3@"                                                             




7 5 @2 4  n®& 5 *3 4 4, @12 @& 5 3@"  0                                     *B.20, 
(B.20) is again a second order partial differentiation in @ which can be solved directly 
using   W  , and the same initial conditions for 
 in Chapter 6 by taking note 
@  ln 
. The probability density curve 
*, can then be generated by taking  
*,  n®. 
 
  
 
 
 
